Abstract. We show how to prove the examples of a paper by Chu and Zhang using the WZ-algorithm.
Introduction
Chu and Zhang had the good idea of accelerating the following Dougall's sum [1] , which is convergent for Re(1 + 2a − b − c − d − e) > 0:
(a + 2k), using many recurrence relations patterns. Their paper has interesting formulas and many nice examples. We show that the Wilf-Zeilberger algorithm can do it automatically [2] , and give four examples corresponding to Examples 42, 45, 50 and 53 of that paper. Note that Dougall's sum in [1] has two wrong signs and observe that it is symmetric in b, c, d and e (that is, these parameters are interchangeable).
We will use the following notation:
Then Dougall's sum is
If e → −∞ then we have the sum
where
This introduction is short but the interested reader can also see the introduction and the references of [1] .
The WZ-algorithm as a black box
Let F (n, k) be hypergeometric in n and k, that is a function such that F (n+1, k)/F (n, k) and F (n, k + 1)/F (n, k) are rational functions. Then, we can use the Zeilberger's Maple package SumTools[Hypergeometric]);. The output of Zeilberger(F(n,k),n,k,N) [1] ; is an operator O(N) of the following form
where P 0 (n), P 1 (n), . . . , P m (n) are polynomials of n, and N is an operator which increases n in 1 unity, that is NF (n, k) = F (n+1, k). The output of Zeilberger(F(n,k),n,k,N) [2] ; gives a function G(n, k) such that
If the operator O(N) is just N − 1, then one has
and we say that (F, G) is a WZ-pair (Wilf-Zeilberger). H. Wilf and D. Zeilberger proved in a seminal paper [3] (for which they received the Steele Prize), that in this case there exists a rational function R(n, k) (the so called certificate), such that G(n, k) = R(n, k)F (n, k); relation that is valid for all values of n and k once we have simplified the product. When the operator is not exactly N − 1 but is of degree 1, then is very easy to transform the function into another one with output equal to N − 1. The interesting fact is that this is always the case for the functions U(n, k) constructed from the functions inside the Dougall's sum in the way we show in the examples. That is, with independence of the recurrence pattern that one is taking, the operator has always degree equal to 1. WZ-pairs are gems because of their interesting properties. For example, H. Wilf and D. Zeilberger, summing both sides of (1) for n ≥ 0, proved that
in case that the summation is convergent. If the above limit is equal to 0, one has
and from it, we get the following list of identities:
. . .
Then, from this infinite list, we get
when both sides are convergent. If the convergence of the series is uniform then we can go further and commute the limit with the series.
Examples
In this section we prove the Examples 42, 45, 50 and 53 of the paper [1] using methods based on the WZ-algorithm, but we can derive all the other examples of that paper using the same kind of WZ-techniques. F(n,k) ,n,k,N) [2] /F(n,k)) we get a rational function R(n, k) such that G(n, k) = R(n, k)F (n, k). In addition, we see that R(n, 0) = 172n 2 + 269n + 106 9(2 + 3n)(3 + 4n)
This output indicates that if
, U(n, 0) = 3 2 + 3n.
As the limit of F (n, k) as n → ∞ is equal to 0, we can use the identity (3):
We can easily check that in this example the limit commutes with the summation and is equal to zero. Therefore, we have Then, proceeding as in the previous example, we obtain and the rational function R(n, k) such that G(n, k) = R(n, k)F (n, k). In addition, we get R(n, 0) = 1376n 4 + 1808n 3 + 784n 2 + 138n + 9 16n(1 + 6n)(2 + 3n)(1 + 3n)
, U(n, 0) = 1 2 + 3n.
We see that
Therefore, see (3):
and we can check that the limit commutes with the summation, and in addition the limit of G(n, k) as k → ∞ is zero for n = 0. Hence
That is which is the formula of [1, Example 45]. We will finally deduce that this example accelerates
For it observe that if (F (n, k), G(n, k)) is a WZ-pair then (F (n + 1, k), G(n + 1, k) is also a WZ-pair. Hence
As the above limit is equal to zero, we obtain
and from it, we deduce that
which is a known result because Maple also gives the exact value of this Dougall's sum. 
2 n 5 6 n 7 6 n 16 27 n , and the rational function R(n, k) such that G(n, k) = R(n, k)F (n, k). In addition, we get
and, see (3): 
we obtain
5 n 27 64 n , and the rational function R(n, k) such that G(n, k) = R(n, k)F (n, k). In addition, we get
and, see (3):
Then, we use the Wilf-Zeilberger's identity (2):
But F (0, k) and the limit of F (n, k) as n → ∞ are equal to zero in this example. Therefore, we have
In addition, we can prove that Carlson's Theorem holds here. Hence ∞ n=0 G(n, k) = constant ∀k ∈ C.
To determine the constant, we write [1] has no sense in these cases and variants of the theorems would be needed. In this paper we have shown that the Wilf-Zeilberger's techniques can manage all the situations.
